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1 Introduction

The report have two parts. In the fist part, some concepts of
quaternion is presented. In the second part, the operator
0, = aqa*,a € H', ¢ € T will be tried to interpret by geometrically

approach but it is only my view on quaternion.



1.1 Addition and multiplication

The set of quaternions H equal to R*, a four-dimensional vector
space over the real numbers:

H = (a,b,c,d)|a,b,c,d € R.

A quaternion ¢ € H is defined in the form:

q=a+ bi+ cj+ dk. (1.1)

The set H has three operations: addition, scalar multiplication, and
quaternion
multiplication.

For q,q1 € H and r € R,

g+q =(a+a)+ b+b)i+ (c+c)j+ (d+d)k. (1.2)



and
rq =ra+ rbi+ rcj + rdk. (1.3)

Multiplication for the basis elements of H is defined by

i’ =j’=k’=-1,ij = —ji =k, jk = —kj = —i, ki = —ik = .
(1.4)

Now we can give the product of two quaternions ¢ and ¢;:

qq1 = (a + bi+ cj + dk)(ay + bii+ c1j + dik) =
= (aa; — bby — cc; — ddy)+
+(aby + a1b+ cdy — dcy )i+ (1.5)
+(acy + ajc — bdy + dby)j+
+(ad; + a1d 4 bey — by k.



1.2 Conjugate, Norm, and Inverse

Let ¢ = a + bi + ¢j + dk be a quaternion.
The conjugate of q is defined by
¢  =(a+bi+cj+dk)" =a—bi — ¢ — dk. (1.6)

and it has the following properties:

L (¢") =q,

2. ¢+ q" = 2a,

3. q¢F =q*q=a2+ b2+ c2+ d2,

4. (qq)" = ¢iq".

The norm of q is defined by |q| = Va2 + b? + ¢2 + d? and the norm
is equal v/qq*. The norm of a product of quaternions satisfies the

properties |q| = [¢*| and |qq1] = |ql|q1].




The multiplication inverse of a quaternion q is denoted by ¢~ ! and
has the property qg~! = ¢ 'q = 1. It is constructed as
¢t =q"/lq*. (1.7)

where the division of a quaternion by a real-valued scalar is just

componentwise division. The inverse operation satisfies the

properties (¢71) "' =1 and (qq1) " = ¢; '¢7 L.



1.3 Matrix form

Quaternion q € H can also be represented by a element of My (C)
that have the following form:

q= _ (1.8)
_5 a
here a = a + ib, 8 = ¢ + 1d. The sum and product of two such
matrices is again of this form, and the sum and product of the
quaternions corresponds to the sum and product of such matrices.

Namely,

a f ar B acy — 36 aff; + o p
-0 « —B81 @ —(aB1 + Par) @ — BB



here

a1 — 65_1 = (aa1 — bb1 — CC1 — ddl) + i(abl + alb + Cdl — dCl)
0451 + 0716 = (CLCl + ai1c — bdl -+ dbl) -+ i(ad1 + Cle + bCl — Cbl).

The basis elements
1=(1,0,0,0),i=(0,1,0,0),j =(0,0,1,0),k = (0,0,0,1) of H is

written in the form:

1 =

¢=1 - =q" =



Now, we express the norm of quaternion by matrix

. . a f a —f aa + B 0
g =qq* = _ _ = i
—0 « b« 0 aa + BB

= (la* +181*)E = (la]® + |B]*)(1 4 0i + 0j + 0k) = det q
(1.9)



1.4 Quaternion Operator

In the section, we present both subsets of H.
H' = {a € H| |a| = 1}.

Every elements of H is unitary matrix. Indeed
a|* =aa* =1=a*=a L.

T is a set of quaternions whose real part is zero and can be defined
by
T={xe€ H|lz" = —x}.

For a fixed a € H', we define an operator on vectors = € T:
wa(T) = azxa®. (1.10)

We shall give proofs of the following states relating to the operator
Pa-
1. @q(z) € T;
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2. |lpa(@)| = |2l;
3. x1,x0 € T, 11,72 € R, 0o (r121 + 122) = r190a (1) + 7204 (x2).
Proof:

1. po(r) = axa™! € H and
Pa(@) = (aza™1)" = az*a™ = —aza™ = pu(z) = galc) €T

2. |pa(2)|?* = ara™tax*a™! = axx*a~! = a\x|2a_1 = |x|?.

3. Ya(rix1 +roxe) = a(rixy + rexs)a™ = a(rizi)a™ + a(rexe)a™ =

r19a(T1) + r2@q(x2).0
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2 Rotation Operator

In this section, we formulate the value of ¢, at vector ¢ € T and
demonstrate an interpretation geometrically of ¢, for a given
a4 = COS g + sin gi. We can write a in the form:

0 1 0 ) 10 COS % + sin g 0
a = COS — +S1n — =
2\ 0 1 2\ 0 —i 0 COS g —
e’z 0 e”’z 0
= » and a* = »
0 e *2 0 e’z
Let be g € T and ¢ = xi+ yj + 2k (z,y,2 € R). Then we have
va(q) = aga™ =
e's 0 1T y+iz e"iz 0
0 e i2 —y+i1z —IT 0 e's
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€
e~ i3 (—y +12) e~ 54y 0 eis
i el (y +iz)
e W (—y +iz) —ix
va(q) =
1T ycost — zsinf + i(ysinf + z ¢
—ycosf + zsinf + i(ysin @ + z cos 0) —ix

So the operator ¢, : T — T can be determined by the following
representation:

Yo :q=(z,y,2) > p=(x,ycosf — zsinf,ysinf + zcosh) (2.1)

Now we consider a rotation by an angle 6 clockwise about x as the
axis of rotation, denoted Rj. Suppose that p = R (q) and
p,q € R?. Using Figure 1, we can easily drive the following formula:
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=
y' = |p|cos(f + a) = |¢q| cosacosd — |g|sinasinf = ycosh — zsin b
2" = |p|sin(f + a) = |q| cos asin @ + |q|sin a cos @ = ysinf + z cos 6.

Here we assume that i, j, k is correspond with unit vector of axis
X, Y, Z respectively. The relation between the operator ¢, and the
rotation transformation Rj is formulated by the following theorem.

Theorem 1 (3). For any unit quaternion

v, 0
— —F N
a C082 +sm2u

and for vector ¢ € R3 the action of the operator

L.(q) = aga”

on q is equivalent to a rotation of the vector q through an angle 0

about u as the azis of rotation. where u € R? is an unit vector .
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Let us consider the operator s for Va, 8 € H'. Indeed,

vap(q) = afq(aB)” = afgf*a” = aps(q)a” = pa(ps(q)).

S0 pap is equal to the composition ¢, o pg of the two operators.

Now we intend to explain the following example by geometrically

approach.

Example: Let o, 3 € H', o = cos %E + sin %i and
B = cos gE + sin g J. Let us determine the angle and the axis of

rotation equivalent p,g.

COS %
aff = ;

— S1n 5

QCOSQ

2 ] . .
and a8 <+ (cos” 3,sin 3 5, sin

0

5 COS 5

2

0

2

0
COS 5

sin

0 0

5 ). We can

. - 0
5> SN 3 sin 3

15



represent o3 in the form:
aff = cos@ FE + sin%u
2 2
2 6 1 0 0 0
2

and u = \/m(cos 5,C0S 5,8in 3).

The axis of the rotation equivalent to ¢, is defined by the vector u

where cos %1 = COS

and the angle of rotation is 61. When 6 = 90°, p,3 is equivalent to
a rotation about an axis defined by (1,1,1) through an angle 120°.
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