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Á³ëýã 1

Øóðûí îëîí ãèø³³íò áà òýíöýòãýë

áèø áàòëàõàä ò³³íèéã àøèãëàõ

�1.1. Øóðûí òýíöýòãýë áèø

Òåîðåì 1.1.1 (Øóðûí òýíöýòãýë áèø). Ñ°ð°ã áèø áîäèò x, y, z òîîíóóä áîëîí

áîäèò k òîîíû õóâüä∑
cycl

xk(x−y)(x−z) = xk(x−y)(x−z)+yk(y−z)(y−x)+zk(z−x)(z−y) ≥ 0 (1.1.1)

òýíöýòãýë áèø áèåëíý. Ýíý òýíöýòãýë áèøèéã Øóðûí òýíöýòãýë áèø ãýæ íýð-

ëýäýã.

Áàòàëãàà. x ≥ y ≥ z ãýæ ýðýìáýëæ àâ÷ ³çýæ áîëíî. Ýíäýýñ t1 = x − y ≥ 0,

t2 = y − z ≥ 0, t3 = z ≥ 0 áà x = t1 + t2 + t3, y = t2 + t3, z = t3 áàéíà. Òýãâýë

xk(x− y)(x− y) + yk(y − z)(y − x) + zk(z − x)(z − y) =

= (t1 + t2 + t3)
kt1(t1 + t2) + (t2 + t3)

kt2(−t1) + tk3(−t1 − t2)(−t2) =

= (t1 + t2 + t3)
kt21 +

[
(t1 + t2 + t3)

k − (t2 + t3)
k + tk3

]
t2t3 + tk3t

2
2

áîëíî. f(x) = xk ôóíêö ìîíîòîí òóë (t1 + t2 + t3)
k − (t2 + t3)

k + tk3 ≥ 0 áîëíî.

Èéìä (1.1.1) òýíöýòãýë áèø áèåëíý.

Ì°ðäë°ã°° 1.1.2. Ñ°ð°ã áèø áîäèò x, y, z òîîíóóäûí õóâüä∑
cycl

(yz)k(x− y)(x− z) ≥ 0, (k ≥ 0) (1.1.2)

òýíöýòãýë áèø áèåëíý.

Áàòàëãàà. Õýðýâ x ̸= 0, y ̸= 0, z ̸= 0 áîë Øóðûí òýíöýòãýë áèø (1.1.1) -ýýñ∑
cycl

(yz)k(x− y)(x− z) = (xyz)k
∑
cycl

x−k(x− y)(x− z) ≥ 0
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áîëíî. Õýðýâ z = 0 áîë∑
cycl

(yz)k(x− y)(x− z) = (xy)kxy ≥ 0

áîëíî. Èéìä (1.1.2) òýíöýòãýë áèø áèåëíý.

Òåîðåì 1.1.3. Ñ°ð°ã áèø áîäèò x, y, z òîîíóóäûí õóâüä∑
cycl

xk(y + z)(x− y)(x− z) ≥ 0, (k ≥ 1), (1.1.3)

∑
cycl

(yz)k(y + z)(x− y)(x− z) ≥ 0, (k ≥ 0), (1.1.4)

òýíöýòãýë áèø³³ä áèåëíý.

Áàòàëãàà. x ≥ y ≥ z ≥ 0 ãýæ ýðýìáýëæ àâ÷ ³çýæ áîëíî. Òýãâýë (x−y)(x−z) ≥ 0,

(z − x)(z − y) ≥ 0 áà k ≥ 1 ³åä

xk(y + z)− yk(z + x) = xy(xk−1 − yk−1) + z(xk − yk) ≥ 0

áàéíà. Ýíäýýñ

xk(y + z)(x− y)(x− z) + yk(z + x)(y − z)(y − x) + zk(x+ y)(z − x)(z − y) ≥
≥ yk(z + x)(x− y)(x− z) + yk(z + x)(y − z)(y − x) = yk(z + x)(x− y)2 ≥ 0

áîëîõ áà (1.1.3) òýíöýòãýë áèø áàòëàãäàíà.

k ≥ 0 ³åä

(yz)k(y+z)(x−y)(x−z)+(zx)k(z+x)(y−z)(y−x)+(xy)k(x+y)(z−x)(z−y) ≥
≥ (zx)k(z+x)(y−z)(y−x)+(xz)k(x+z)(z−x)(z−y) = (zx)k(z+x)(y−z)2 ≥ 0

áîëîõ áà (1.1.4) òýíöýòãýë áèø áàòëàãäàíà.

�1.2. Ýãýë òýãø õýìò îëîí ãèø³³íòýýð çàäëàõ

n çýðãèéí ãóðâàí õóâüñàã÷èéí òýãø õýìòýé Pn ≡ Pn(x, y, z) îëîí ãèø³³íòèéã

àâ÷ ³çüå. Òýãâýë ýíý îëîí ãèø³³íò

σ1 = x+ y + z, σ2 = xy + yz + zx, σ3 = xyz

ýãýë òýãø õýìòýé îëîí ãèø³³íò³³äýýð íýãýí óòãàòàé èëýðõèéëýãäýæ áè÷èãäýíý.

Òîäðóóëáàë

Pn =

[n/3]∑
i=0

F
(n)
i σi

3 (1.2.1)
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ãýæ çàäàðíà. Ýíä

F
(n)
i = λ

(n)
i,1 σ

n−3i
1 + λ

(n)
i,2 σ

n−3i−2
1 σ2 + . . .

+

λi, 1
2
(n−3i+1)σ1σ

1
2
(n−3i−1)

2 , õýðýâ n− 3i ñîíäãîé áîë

λi, 1
2
(n−3i+2)σ

1
2
(n−3i)

2 , õýðýâ n− 3i òýãø áîë

(1.2.2)

Áîäëîãî 1.2.1. p6 ≡ p6(x, y, z) = x6+y6+ z6 òýãø õýìò îëîí ãèø³³íòèéã ýãýë

òýãø õýìò îëîí ãèø³³íò³³äýýð èëýðõèéëæ áè÷.

Áîäîëò. (1.2.1) áà (1.2.2) òîìú¼î ¼ñîîð

p6 = F
(6)
0 + F

(6)
1 σ3 + F

(6)
2 σ2

3 =
(
λ
(6)
0,1σ

6
1 + λ

(6)
0,2σ

4
1σ2 + λ

(6)
0,3σ

2
1σ

2
2 + λ

(6)
0,4σ

3
2

)
+

+
(
λ
(6)
1,1σ

3
1 + λ

(6)
1,2σ1σ2

)
σ3 + λ

(6)
2,1σ

2
3

èëýðõèéëýãäýíý. Òîäîðõîé áóñ êîýôôèöèåíòèéí àðãààð áîäú¼.

x y z σ1 σ2 σ3 p6

1 0 0 1 0 0 1

1 −1 0 0 −1 0 2

1 1 0 2 1 0 2

2 1 0 3 2 0 65

1 1 −2 0 −3 −2 66

2 2 −1 3 0 −4 129

1 1 1 3 3 1 3

Óòãóóäûã °ã°õ çàìààð êîýôôèöèåíòóóäûã îëáîë: λ
(6)
0,1 = 1, λ

(6)
0,4 = −2, λ

(6)
0,2 = −6,

λ
(6)
0,3 = 9, λ

(6)
2,1 = 3, λ

(6)
1,1 = 6, λ

(6)
1,2 = −12 áîëíî. Èéìä p6 òýãø õýìò îëîí ãèø³³íò

äàðààõ õýëáýðýýð ýãýë òýãø õýìò îëîí ãèø³³íò³³äýýð èëýðõèéëýãäýæ áè÷èãäýíý

p6 =
(
σ6
1 − 6σ4

1σ2 + 9σ2
1σ

2
2 − 2σ3

2

)
+
(
6σ3

1 − 12σ1σ2

)
σ3 + 3σ2

3.

Ýíý áè÷èãëýëèéã Íüþòîíû òîìú¼îã àøèãëàí ì°í ãàðãàí àâ÷ áîëíî.

Áîäëîãî 1.2.2. f =
∏
cycl

(y − z)2 = (x − y)2(y − z)2(z − x)2 òýãø õýìò îëîí

ãèø³³íòèéã ýãýë òýãø õýìò îëîí ãèø³³íò³³äýýð èëýðõèéëæ áè÷.

Áîäîëò. f =
(
λ
(6)
0,1σ

6
1 + λ

(6)
0,2σ

4
1σ2 + λ

(6)
0,3σ

2
1σ

2
2 + λ

(6)
0,4σ

3
2

)
+
(
λ
(6)
1,1σ

3
1 + λ

(6)
1,2σ1σ2

)
σ3+λ

(6)
2,1σ

2
3

Òîäîðõîé áóñ êîýôôèöèåíòèéí àðãààð áîäú¼.
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x y z σ1 σ2 σ3 f

1 0 0 1 0 0 0

1 −1 0 0 −1 0 4

1 1 0 2 1 0 0

2 1 0 3 2 0 4

1 1 −2 0 −3 −2 0

2 2 −1 3 0 −4 0

1 1 1 3 3 1 0

Óòãóóäûã °ã°õ çàìààð êîýôôèöèåíòóóäûã îëáîë: λ
(6)
0,1 = 0, λ

(6)
0,4 = −4, λ

(6)
0,2 = 0,

λ
(6)
0,3 = 1, λ

(6)
2,1 = −27, λ

(6)
1,1 = −4, λ

(6)
1,2 = 18 áîëíî. Èéìä f òýãø õýìò îëîí ãèø³³íò

f =
(
σ2
1σ

2
2 − 4σ3

2

)
+
(
−4σ3

1 + 18σ1σ2

)
σ3 − 27σ2

3.

õýëáýðýýð ýãýë òýãø õýìò îëîí ãèø³³íò³³äýýð èëýðõèéëýãäýíý.

Áîäëîãî 1.2.3. f = x4(x − y)(x − z) + y4(y − x)(y − z) + z4(z − x)(z − y) òýãø

õýìò îëîí ãèø³³íòèéã ýãýë òýãø õýìò îëîí ãèø³³íò³³äýýð èëýðõèéëæ áè÷.

Áîäîëò. f =
(
λ
(6)
0,1σ

6
1 + λ

(6)
0,2σ

4
1σ2 + λ

(6)
0,3σ

2
1σ

2
2 + λ

(6)
0,4σ

3
2

)
+
(
λ
(6)
1,1σ

3
1 + λ

(6)
1,2σ1σ2

)
σ3+λ

(6)
2,1σ

2
3

Òîäîðõîé áóñ êîýôôèöèåíòèéí àðãààð áîäú¼.

x y z σ1 σ2 σ3 f

1 0 0 1 0 0 1

1 −1 0 0 −1 0 4

1 1 0 2 1 0 0

2 1 0 3 2 0 31

1 1 −2 0 −3 −2 144

2 2 −1 3 0 −4 9

1 1 1 3 3 1 0

Óòãóóäûã °ã°õ çàìààð êîýôôèöèåíòóóäûã îëáîë: λ
(6)
0,1 = 1, λ

(6)
0,4 = −4, λ

(6)
0,2 = −7,

λ
(6)
0,3 = 13, λ

(6)
2,1 = 9, λ

(6)
1,1 = 8, λ

(6)
1,2 = −22 áîëíî. Èéìä f òýãø õýìò îëîí ãèø³³íò

f =
(
σ6
1 − 7σ4

1σ2 + 13σ2
1σ

2
2 − 4σ3

2

)
+
(
8σ3

1 − 22σ1σ2

)
σ3 + 9σ2

3.

õýëáýðýýð ýãýë òýãø õýìò îëîí ãèø³³íò³³äýýð èëýðõèéëýãäýíý.

Áîäëîãî 1.2.4. f = x3(y+ z)(x−y)(x− z)+y3(z+x)(y−x)(y− z)+ z3(x+y)(z−
x)(z − y) òýãø õýìò îëîí ãèø³³íòèéã ýãýë òýãø õýìò îëîí ãèø³³íò³³äýýð

èëýðõèéëæ áè÷.
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Áîäîëò. f =
(
λ
(6)
0,1σ

6
1 + λ

(6)
0,2σ

4
1σ2 + λ

(6)
0,3σ

2
1σ

2
2 + λ

(6)
0,4σ

3
2

)
+
(
λ
(6)
1,1σ

3
1 + λ

(6)
1,2σ1σ2

)
σ3+λ

(6)
2,1σ

2
3

Òîäîðõîé áóñ êîýôôèöèåíòèéí àðãààð áîäú¼.

x y z σ1 σ2 σ3 f

1 0 0 1 0 0 0

1 −1 0 0 −1 0 −4

1 1 0 2 1 0 0

2 1 0 3 2 0 14

1 1 −2 0 −3 −2 −144

2 2 −1 3 0 −4 −36

1 1 1 3 3 1 0

Óòãóóäûã °ã÷ êîýôôèöèåíòóóäûã îëáîë: λ
(6)
0,1 = 0, λ

(6)
0,4 = 4, λ

(6)
0,2 = 1, λ

(6)
0,3 = −5,

λ
(6)
2,1 = −9, λ

(6)
1,1 = −1, λ

(6)
1,2 = 10 áîëíî. Èéìä f òýãø õýìò îëîí ãèø³³íò

f =
(
σ4
1σ2 − 5σ2

1σ
2
2 + 4σ3

2

)
+
(
−σ3

1 + 10σ1σ2

)
σ3 − 9σ2

3.

õýëáýðýýð ýãýë òýãø õýìò îëîí ãèø³³íò³³äýýð èëýðõèéëýãäýíý.

�1.3. Øóðûí îëîí ãèø³³íò³³ä

Äàðààõ òýãø õýìòýé îëîí ãèø³³íò³³äèéã àâ÷ ³çüå:

f
(n)
0,1 ≡ f

(n)
0,1 (x, y, z) =

∑
cycl

xn−2(x− y)(x− z), (n ≥ 2), (1.3.1)

f
(n)
0,2 ≡ f

(n)
0,2 (x, y, z) =

∑
cycl

xn−3(y + z)(x− y)(x− z), (n ≥ 3), (1.3.2)

f
(n)
0,j ≡ f

(n)
0,j (x, y, z) = σn−2j

1 σj−3
2 (y − z)2(z − x)2(x− y)2,

(
n ≥ 2j, 3 ≤ j ≤

[n
2

])
,

(1.3.3)

f
(n)

0,[n+2
2 ]

≡ f
(n)

0,[n+2
2 ]

(x, y, z) =


∑

(yz)
1
2
(n−3)(y + z)(x− y)(x− z), n ñîíäãîé∑

(yz)
1
2
(n−2)(x− y)(x− z), 4 ≤ n òýãø

,

(1.3.4)

f
(n)
i,j ≡ f

(n)
i,j (x, y, z) = f

(n−3j)
0,j σi

3, (5 ≤ 3i+ 2 ≤ n, i ∈ N). (1.3.5)

Ýäãýýð òýãø õýìò îëîí ãèø³³íò³³äèéã Øóðûí îëîí ãèø³³íò -³³ä ãýæ íýð-

ëýå.
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Òåîðåì 1.3.1. Õýðýâ

f
(n)
0,j =

(
a
(n)
1,j σ

n
1 + a

(n)
2,j σ

n−2
1 σ2 + . . .+ a

(n)
i,j σ

n−2i+2
1 σi−1

2 + . . .
)
+

+
(
a
(n−3)
1,j σn−3

1 + a
(n−3)
2,j σn−5

1 σ2 + . . .
)
σ3 + . . . ,

(1.3.6)

áîë a
(n)
j,j = 1 áîëîõ áà 1 ≤ i < j ³åä a

(n)
i,j = 0 áîëíî.

Áàòàëãàà. (1.3.1) áà (1.3.6) -îîñ xn -èéí êîýôôèöèåíòóóäûã àâ÷ ³çâýë 1 = a
(n)
1,1

áàéíà. (1.3.1) áà (1.3.2) -ààñ 0 = a
(n)
1,2 , 1 = a

(n)
2,2 áîëíî.

(1.3.3) áà áîäëîãî 1.2.2 -îîñ

f
(n)
0,j = σn−2j

1 σj−3
2

[(
σ2
1σ

2
2 − 4σ3

2

)
+
(
−4σ3

1 + 18σ1σ2

)
σ3 − 27σ2

3

]
=

=
(
σn−2j+2
1 σj−1

2 − 4σn−2j
1 σj

2

)
+
(
−4σn−2j+3

1 σj−3
2 + 18σn−2j+1

1 σj−2
2

)
σ3−

− 27σn−2j
1 σj−3

2 σ2
3

áîëîõ áà 6 ≤ n, j = 3, 4, . . . ,
[
n
2

]
óòãóóäûí õóâüä 1 ≤ i < j ³åä a

(n)
i,j = 0 áà a

(n)
j,j = 1

áàéíà.

j =
[
n+2
2

]
áàéã. Õýðýâ n ñîíäãîé áîë (1.3.4) áà f

(n)

0,[n+2
2 ]

− σ1σ
1
2
(n−1)

2 ÿëãàâðûã

àâ÷ ³çüå. x = 0 ãýæ îðëóóëáàë

f
(n)

0,[n+2
2 ]

− σ1σ
1
2
(n−1)

2 = (yz)
1
2
(n−3)(y + z)yz − (y + z)(yz)

1
2
(n−1) = 0

áîëíî. Èéìä x | f (n)

0,[n+2
2 ]

− σ1σ
1
2
(n−1)

2 áà ³³íòýé àäèëààð y | f (n)

0,[n+2
2 ]

− σ1σ
1
2
(n−1)

2 ,

z | f (n)

0,[n+2
2 ]

− σ1σ
1
2
(n−1)

2 áîëîõ á°ã°°ä ýíäýýñ σ3 | f (n)

0,[n+2
2 ]

− σ1σ
1
2
(n−1)

2 áàéíà. Èéìýýñ

(1.3.6) -ààñ

a
(n)

1,[n+2
2 ]

= a
(n)

2,[n+2
2 ]

= . . . = a
(n)

[n2 ],[
n+2
2 ]

= 0, a
(n)

[n+2
2 ],[n+2

2 ]
= 1

áàéíà. �³íòýé àäèëààð n òýãø áîë f
(n)

0,[n+2
2 ]

− σ
n
2
2 ÿëãàâðûã àâ÷ ³çíý.

Òåîðåì 1.3.2. x ≥ 0, y ≥ 0, z ≥ 0 áîë f
(n)
i,j ≥ 0 áàéíà.

Áàòàëãàà. Òåîðåì 1.1.1, ì°ðäë°ã°° 1.1.2 áà Òåîðåì 1.1.3 -ààñ ì°ðä°í ãàðíà.

Îäîî

Pn(1, 1, 1) = 0 (1.3.7)

í°õö°ëèéã õàíãàõ òýãø õýìò îëîí ãèø³³íòèéã àâ÷ ³çüå. Ýíý òýãø õýìò îëîí ãè-

ø³³íò Øóðûí îëîí ãèø³³íò³³äýýð èëýðõèéëýãäýõ ³³? ãýñýí àñóóäëûã àâ÷ ³çüå.
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Òåîðåì 1.3.3 (�íäñýí òåîðåì). (1.3.7) í°õö°ëèéã õàíãàõ íýãýí ò°ðëèéí, òýãø

õýìò, 2 ≤ n çýðãèéí îëîí ãèø³³íò Pn á³ð Øóðûí îëîí ãèø³³íò³³äýýð èëýð-

õèéëýãäýíý. Òîäðóóëáàë

Pn =



α
(2)
0,1f

(2)
0,1 ; (n = 2)

[n+2
2 ]∑

j=1

α
(n)
0,j f

(n)
0,j +

[n−1
2 ]∑

j=1

α
(n)
1,j f

(n)
1,j + . . .

+

[
n+2−3[n−3

3 ]
2

]
∑
j=1

α
(n)

[n−3
3 ],j

f
(n)

[n−3
3 ],j

+

[
n−3[n3 ]

2

]∑
j=1

α
(n)

[n3 ],j
f
(n)

[n3 ],j

; (n ≥ 3)
(1.3.8)

õýëáýðýýð èëýðõèéëýãäýíý.

Áàòàëãàà. n = 2 ³åä (1.2.1) áà (1.3.7) -ààñ

P2 = F
(2)
0 = λ

(2)
0,1σ

2
1 + λ

(2)
0,2σ2 = λ

(2)
0,1σ

2
1 − 3λ

(2)
0,1σ2 = λ

(2)
0,1

∑
(x− y)(x− z) = λ

(2)
0,1f

(2)
0,1

áàéíà.

kn =


1; (n = 2)[n−3

3 ]∑
i=0

[
n+ 2− 3i

2

]+

[
n−3[n3 ]

2

]
; (n ≥ 3)

ãýæ òýìäýãëýæ àâ÷ ³çüå.

3 ≤ n ³åä (1.3.8) òîìú¼îí äàõü α
(n)
i,j êîýôôèöèåíòóóäûã x1, x2, . . . , xkn ãýæ òýì-

äýãëýå. Ì°í (1.2.1) òîìú¼îí äàõü λ
(n)
i,j êîýôôèöèåíòóóäûã µ1, µ2, . . . , µkn+1 ãýæ

òýìäýãëýå. f
(n)
i,j îëîí ãèø³³íò òýãø õýìò òóë ýãýë òýãø õýìò σ1, σ2, σ3 -ààð èëýð-

õèéëýãäýõ ((1.3.5) áà (1.3.6) òîìú¼îíóóäûã ³ç) á°ã°°ä ³³íèéã (1.3.8) òîìú¼îíä

îðëóóëàõàä ³³ñýõ áè÷èãëýëèéã (1.2.1) áè÷èãëýëòýé òýíö³³ëáýë σr1
1 σr2

2 σr3
3 °ìí°õ

êîýôôèöèåíòóóä õàðãàëçàí òýíö³³ áàéíà. Ýíäýýñ òåîðåì 1.3.1 -èéã àøèãâàâàë
1 0 0 · · · 0

b2,1 1 0 · · · 0

· · · · · · · · · · · · · · ·
bkn,1 bkn,2 bkn,3 · · · 1

 ·


x1

x2

· · ·
xkn

 =


µ1

µ2

· · ·
µkn


òýãøèòãýëèéí ñèñòåì ³³ñíý. Ìýäýýæ ýíý òýãøèòãýëèéí ñèñòåì ÿìàãò øèéäòýé

áàéõ òóë (1.3.8) áè÷èãëýë îðøèí áàéíà.
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�1.4. Òýíöýòãýë áèø áàòëàõàä Øóðûí îëîí ãèø³³íòèéã

àøèãëàõ

0 ≤ x, y, z áîäèò òîîíóóä áà ãóðâàí çýðãèéí òýãø õýìò íýãýí ò°ðëèéí P3(x, y, z)

îëîí ãèø³³íòèéã àâ÷ ³çüå.

�ã³³ëáýð 1.4.1. P3(1, 1, 1) = 0 áîë

P3(x, y, z) = λ0,1σ
3
1 + λ0,2σ1σ2 + λ1,1σ3 ≥ 0 (1.4.1)

òýíöýòãýë áèø áèåëýõ çàéëøã³é á°ã°°ä õ³ðýëöýýòýé í°õö°ë íü

P3(1, 0, 0) = λ0,1 ≥ 0, P3(1, 1, 0) = 2(4λ0,1 + λ0,2) ≥ 0 (1.4.2)

í°õö°ë áèåëýãäýõ ÿâäàë þì.

Áàòàëãàà. (⇒). Èëýðõèé.

(⇐). Òåîðåì 1.3.3 ¼ñîîð

P3(x, y, z) = α0,1f
(3)
0,1 +α0,2f

(3)
0,2 = α0,1

∑
x(x−y)(x−z)+α0,2

∑
(y+z)(x−y)(x−z)

áîëîõ áà P3(1, 0, 0) = λ0,1 = α0,1 ≥ 0, P3(1, 1, 0) = 2(4λ0,1 + λ0,2) = α0,2 ≥ 0 áàéíà.

Òåîðåì 1.3.2 ¼ñîîð f
(3)
0,1 ≥ 0, f

(3)
0,2 ≥ 0 òóë P3(x, y, z) ≥ 0 áàéíà.

�ã³³ëáýð 1.4.2. Ãóðâàí çýðãèéí òýãø õýìò íýãýí ò°ðëèéí f(x, y, z) îëîí ãè-

ø³³íò á³ð

f(x, y, z) = α0,1f
(3)
0,1 + α0,2f

(3)
0,2 + α1,1σ3 (1.4.3)

õýëáýðýýð èëýðõèéëýãäýæ áè÷èãäýíý. Õýðýâ 0 ≤ x, 0 ≤ y, 0 ≤ z áîë 0 ≤ f(x, y, z)

áàéõ çàéëøã³é á°ã°°ä õ³ðýëöýýòýé í°õö°ë íü 0 ≤ α0,1, 0 ≤ α0,2, 0 ≤ α1,1 áàéíà.

Áàòàëãàà. Õýðýâ f(1, 1, 1) = α1,1 áîë P3(x, y, z) = f(x, y, z)−α1,1σ3 îëîí ãèø³³í-

òèéí õóâüä òåîðåì 1.3.3 -ûã àøèãëàâàë (1.4.3) áè÷ëýã ãàðíà.

(⇒). f
(3)
0,1 (1, 0, 0) = 1, f

(3)
0,1 (1, 1, 0) = 0, f

(3)
0,1 (1, 1, 1) = 0, f

(3)
0,2 (1, 0, 0) = 0,

f
(3)
0,2 (1, 1, 0) = 2, f

(3)
0,2 (1, 1, 1) = 0 áàéõ òóë

f(1, 0, 0) = α0,1 ≥ 0, f(1, 1, 0) = 2α0,2 ≥ 0, f(1, 1, 1) = α1,1 ≥ 0 áàéíà.

(⇐). Òåîðåì 1.3.2 -ààñ ì°ðä°í°.

Áîäëîãî 1.4.1. Ñ°ð°ã áèø x, y, z òîîíóóä x+ y + z = 1 í°õö°ëèéã õàíãàõ áîë

0 ≤ xy + yz + zx− 2xyz ≤ 7

27

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(1984 îí, 25-ð ÎÓÌÎ-ûí áîäëîãî 1)
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Áîäîëò. Äýýðõ òýíöýòãýë áèøèéã äàðààõ áàéäëààð õóâèðãàæ àâ÷ ³çüå:

0 ≤ (xy + yz + zx)(x+ y + z)− 2xyz ≤ 7

27
(x+ y + z)3

�ã³³ëáýð 1.4.2 ¼ñîîð

f(x, y, z) = σ2σ1 − 2σ3 = α0,1f
(3)
0,1 + α0,2f

(3)
0,2 + α1,1σ3

áàéíà.

α0,1 = f(1, 0, 0) = 0, 2α0,2 = f(1, 1, 0) = 2, α1,1 = f(1, 1, 1) = 7

áîëîõ òóë

f(x, y, z) = 2f
(3)
0,2 + 7σ3 ≥ 0

áàéíà. Òýíöýòãýë áèøèéí ç³³í ãàð òàë áèåëíý.

Îäîî òýíöýòãýë áèøèéí áàðóóí ãàð òàë áèåëýõèéã õàðóóëúÿ.

7

27
− (xy + yz + zx) + 2xyz =

7

27
σ3
1 − σ2σ1 + 2σ3 = α0,1f

(3)
0,1 + α0,2f

(3)
0,2 + α1,1σ3

Ýíý òîõèîëäîëä

α0,1 = f(1, 0, 0) =
7

27
, 2α0,2 = f(1, 1, 0) =

2

27
, α1,1 = f(1, 1, 1) = 0

áîëîõ òóë
7

27
σ3
1 − σ2σ1 + 2σ3 =

7

27
f
(3)
0,1 +

1

27
f
(3)
0,2 ≥ 0

áàéíà.

Áîäëîãî 1.4.2. Ýåðýã áîäèò a, b, c òîîíóóä abc = 1 í°õö°ëèéã õàíãàõ áîë(
a− 1 +

1

b

)(
b− 1 +

1

c

)(
c− 1 +

1

a

)
≤ 1

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(2000 îí, 41-ð ÎÓÌÎ-ûí áîäëîãî 2)

Áîäîëò. a =
x

y
, b =

y

z
, c =

z

a
ãýæ îðëóóëáàë äýýðõ òýíöýòãýë áèø äàðààõ õýëáýð-

òýé áîëíî:

f = xyz − (x+ z − y)(x+ y − z)(y + z − x) ≥ 0

�ã³³ëáýð 1.4.2 ¼ñîîð

f = α0,1f
(3)
0,1 + α0,2f

(3)
0,2 + α1,1σ3
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èëýðõèéëýãäýæ áè÷èãäýõ áà

α0,1 = f(1, 0, 0) = 1, 2α0,2 = f(1, 1, 0) = 0, α1,1 = f(1, 1, 1) = 0

áîëîõ òóë

f = f
(3)
0,1 ≥ 0

áàéíà.

0 ≤ x, y, z áîäèò òîîíóóä áà ä°ðâ°í çýðãèéí òýãø õýìò íýãýí ò°ðëèéí P4(x, y, z)

îëîí ãèø³³íòèéã àâ÷ ³çüå.

�ã³³ëáýð 1.4.3. P4(1, 1, 1) = 0 áîë

P4(x, y, z) = λ0,1σ
4
1 + λ0,2σ

2
1σ2 + λ0,3σ

2
2 + λ1,1σ1σ3 ≥ 0 (1.4.4)

òýíöýòãýë áèø áèåëýõ çàéëøã³é á°ã°°ä õ³ðýëöýýòýé í°õö°ë íü

P4(x, 1, 1) ≥ 0 (1.4.5)

í°õö°ë áèåëýãäýõ ÿâäàë þì.

Áàòàëãàà. (⇒). Èëýðõèé.

(⇐). Òåîðåì 1.3.3 ¼ñîîð

P4(x, y, z) = α0,1f
(4)
0,1 + α0,2f

(4)
0,2 + α0,3f

(4)
0,3

áîëîõ áà P4(1, 0, 0) = λ0,1 = α0,1, P4(1, 1, 0) = 16λ0,1+4λ0,2+λ0,3 = α0,2 áàéíà. Ýíä

f
(4)
0,1 ≡

∑
x2(x− y)(x− z)

f
(4)
0,2 ≡

∑
x(y + z)(x− y)(x− z)

f
(4)
0,3 ≡

∑
yz(x− y)(x− z)

P4(x, 1, 1) = (x− 1)2(α0,1x
2 + 2α0,2x+ α0,3) ≥ 0 (x ≥ 0),

òýíöýòãýë áèø áèåëíý ãýäãýýñ α0,1 ≥ 0, α0,3 ≥ 0, α0,2 ≥ −√
α0,1α0,3 áàéíà.

P4(x, y, z) ≥ 2

√
α0,1α0,3f

(4)
0,1 f

(4)
0,3 −√

α0,1α0,3f
(4)
0,2 =

√
α0,1α0,3

(
2

√
f
(4)
0,1 f

(4)
0,3 − f

(4)
0,2

)
,

áîëîõ á°ã°°ä áîäëîãî 1.2.2 -ûã àøèãëàâàë(
2

√
f
(4)
0,1 f

(4)
0,3 − f

(4)
0,2

)(
2

√
f
(4)
0,1 f

(4)
0,3 + f

(4)
0,2

)
= 4f

(4)
0,1 f

(4)
0,3 −

(
f
(4)
0,2

)2

=

= 3σ2
1

(
σ2
2(σ

2
1 − 4σ2)− 2σ1σ3(2σ

2
1 − 9σ2)− 27σ2

3

)
= 3σ2

1

∏
(y − z)2 ≥ 0

Èéìä P4 ≥ 0 áàéíà.
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�ã³³ëáýð 1.4.4. Ä°ðâ°í çýðãèéí òýãø õýìò íýãýí ò°ðëèéí f(x, y, z) îëîí ãè-

ø³³íò á³ð

f(x, y, z) = α0,1f
(4)
0,1 + α0,2f

(4)
0,2 + α0,3f

(4)
0,3 + α1,1σ1σ3 (1.4.6)

õýëáýðýýð èëýðõèéëýãäýæ áè÷èãäýíý. Õýðýâ 0 ≤ x, 0 ≤ y, 0 ≤ z áîë 0 ≤ α0,1,

0 ≤ α0,2, 0 ≤ α0,3, 0 ≤ α1,1 áàéíà ãýäãýýñ 0 ≤ f(x, y, z) ãýæ ì°ðä°í ãàðíà.

Áàòàëãàà. Õýðýâ f(1, 1, 1) = 3α1,1 áîë P4(x, y, z) = f(x, y, z) − α1,1σ1σ3 îëîí ãè-

ø³³íòèéí õóâüä òåîðåì 1.3.3 -ûã àøèãëàâàë (1.4.6) áè÷ëýã ãàðíà.

�ã³³ëáýðèéí õî¼ð äàõü õýñýã íü òåîðåì 1.3.2 -ààñ ì°ðä°í°. Ýíä f(1, 0, 0) =

α0,1, f(1, 1, 0) = α0,3, f(1, 1, 1) = 3α1,1, f(−1, 0, 1) = 4α0,1 − 4α0,2 + α0,3 áàéíà.

Áîäëîãî 1.4.3. Ýåðýã áîäèò a, b, c òîîíóóä abc = 1 í°õö°ëèéã õàíãàõ áîë

1

a3(b+ c)
+

1

b3(c+ a)
+

1

c3(a+ b)
≥ 3

2

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(1995 îí, 36-ð ÎÓÌÎ-ûí áîäëîãî 2)

Áîäîëò. a =
1

x
, b =

1

y
, c =

1

z
ãýæ îðëóóëáàë äýýðõ òýíöýòãýë áèø äàðààõ õýëáýð-

òýé áîëíî:
x2

y + z
+

y2

z + x
+

z2

x+ y
≥ 3

2

x+ y + z ≥ 3 3
√
xyz = 3 áàéõ òóë

x2

y + z
+

y2

z + x
+

z2

x+ y
≥ 1

2
(x+ y + z)

áóþó

g =
∑

x2(x+ y)(x+ z)− 1

2
(x+ y + z)(x+ y)(y + z)(z + x) ≥ 0

òýíöýòãýë áèø áèåëýõèéã õàðóóëàõ õýðýãòýé.

g = α0,1f
(4)
0,1 + α0,2f

(4)
0,2 + α0,3f

(4)
0,3 + α1,1σ1σ3

èëýðõèéëýãäýæ áè÷èãäýõ áà α0,1 = g(1, 0, 0) = 1, α0,3 = g(1, 1, 0) = 2, 3α1,1 =

g(1, 1, 1) = 0, 6− 4α0,2 = g(−1, 0, 1) = 0 áîëîõ òóë °ã³³ëáýð 1.4.4 ¼ñîîð

g = f
(4)
0,1 +

3

2
f
(4)
0,2 + 2f

(4)
0,3 ≥ 0

áàéíà.
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�ã³³ëáýð 1.4.5. Òàâàí çýðãèéí òýãø õýìò íýãýí ò°ðëèéí f(x, y, z) îëîí ãè-

ø³³íò á³ð

f(x, y, z) = α0,1f
(5)
0,1 + α0,2f

(5)
0,2 + α0,3f

(5)
0,3 + α1,1f

(5)
1,1 + α1,2σ2σ3 (1.4.7)

õýëáýðýýð èëýðõèéëýãäýæ áè÷èãäýíý. Õýðýâ 0 ≤ x, 0 ≤ y, 0 ≤ z áîë 0 ≤ α0,1,

0 ≤ α0,2, 0 ≤ α0,3, 0 ≤ α1,1, 0 ≤ α1,2 áàéíà ãýäãýýñ 0 ≤ f(x, y, z) ãýæ ì°ðä°í

ãàðíà. Ýíä

f
(5)
0,1 ≡

∑
x3(x− y)(x− z)

f
(5)
0,2 ≡

∑
x2(y + z)(x− y)(x− z)

f
(5)
0,3 ≡

∑
yz(y + z)(x− y)(x− z)

f
(5)
1,1 ≡ f

(2)
0,1σ3 = xyz

∑
(x− y)(x− z)

Áàòàëãàà. Õýðýâ f(1, 1, 1) = 3α1,2 áîë P5(x, y, z) = f(x, y, z) − α1,1σ2σ3 îëîí ãè-

ø³³íòèéí õóâüä òåîðåì 1.3.3 -ûã àøèãëàâàë (1.4.7) áè÷ëýã ãàðíà.

�ã³³ëáýðèéí õî¼ð äàõü õýñýã íü òåîðåì 1.3.2 -ààñ ì°ðä°í°. Ýíä f(1, 0, 0) =

α0,1, f(1, 1, 0) = 2α0,3, f(1, 1, 1) = 3α1,2, f(1, i, 0) = 2(1 + i)α0,2 − (1 + i)α0,3,

f(−1, i, 1) = −2iα0,1 + 8iα0,2 − 2iα1,1 + iα1,2 áàéíà.

Áîäëîãî 1.4.4. Ýåðýã áîäèò a, b, c òîîíóóä a+ b+ c = 1 í°õö°ëèéã õàíãàõ áîë

10(a3 + b3 + c3)− 9(a5 + b5 + c5) ≥ 1

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(2005 îí, Õÿòàäûí áàðóóí á³ñèéí îëèìïèàä)

Áîäîëò. Äàðààõ òýíöýòãýë áèø áèåëíý ãýæ õàðóóëúÿ:

f(a, b, c) = 10(a3 + b3 + c3)(a+ b+ c)2 − 9(a5 + b5 + c5)− (a+ b+ c)5 ≥ 0

f(1, 0, 0) = 0 = α0,1, f(1, 1, 0) = 30 = 2α0,3, f(1, 1, 1) = 0 = 3α1,2,{
f(1, i, 0) = 15(1 + i) = 2(1 + i)α0,2 − 15(1 + i),

f(−1, i, 1) = 0 = 120i− 2iα1,1,

ñèñòåìýýñ α0,2 = 15, α1,1 = 60 áîëîõ òóë °ã³³ëáýð 1.4.5 ¼ñîîð

f(a, b, c) = 15f
(5)
0,2 + 15f

(5)
0,3 + 60f

(5)
1,1 ≥ 0

òýíöýòãýë áèø áèåëíý.
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�ã³³ëáýð 1.4.6. Çóðãààí çýðãèéí òýãø õýìò íýãýí ò°ðëèéí f(x, y, z) îëîí ãè-

ø³³íò á³ð

f(x, y, z) = α0,1f
(6)
0,1 +α0,2f

(6)
0,2 +α0,3f

(6)
0,3 +α0,4f

(6)
0,4 +α1,1f

(6)
1,1 +α1,2f

(6)
1,2 +α2,1σ

2
3 (1.4.8)

õýëáýðýýð èëýðõèéëýãäýæ áè÷èãäýíý. Õýðýâ 0 ≤ x, 0 ≤ y, 0 ≤ z áîë 0 ≤ α0,1,

0 ≤ α0,2, 0 ≤ α0,3, 0 ≤ α0,4, 0 ≤ α1,1, 0 ≤ α1,2, 0 ≤ α2,1 áàéíà ãýäãýýñ 0 ≤ f(x, y, z)

ãýæ ì°ðä°í ãàðíà. Ýíä

f
(6)
0,1 ≡

∑
x4(x− y)(x− z)

f
(6)
0,2 ≡

∑
x3(y + z)(x− y)(x− z)

f
(6)
0,3 ≡

∏
(y − z)2 = (x− y)2(y − z)2(z − x)2

f
(6)
0,4 ≡

∑
(yz)2(x− y)(x− z)

f
(6)
1,1 ≡ f

(3)
0,1σ3 = xyz

∑
x(x− y)(x− z)

f
(6)
1,2 ≡ f

(3)
0,2σ3 = xyz

∑
(y + z)(x− y)(x− z)

Áàòàëãàà. Õýðýâ f(1, 1, 1) = 9α2,1 áîë P6(x, y, z) = f(x, y, z) − α2,1σ
2
3 îëîí ãè-

ø³³íòèéí õóâüä òåîðåì 1.3.3 -ûã àøèãëàâàë (1.4.8) áè÷ëýã ãàðíà.

�ã³³ëáýðèéí õî¼ð äàõü õýñýã íü òåîðåì 1.3.2 -ààñ ì°ðä°í°. Ýíä f(1, 0, 0) =

α0,1, f(1, 1, 0) = α0,4, f(1, 1, 1) = α2,1 áàéíà. Äàðààõ ñèñòåìýýñf(0,−1, 1) = 4α0,1 − 4α0,2 + 4α0,3 − α0,4

f(0, 1, i) = 2α0,1 − 2α0,2 − 2α0,3 + α0,4

α0,2 áà α0,3 êîýôôèöèåíòóóäûã îëíî. Õàðèí äàðààõ ñèñòåìýýñf(−1, 1, 1) = 4α0,1 − 8α0,2 + 4α0,4 + 4α1,1 − 8α1,2 + α2,1

f(−1, 1, i) = 2α0,1 + 16α0,3 − 6α0,4 − 6α1,1 + 8α1,2 − α2,1

α1,1 áà α1,2 êîýôôèöèåíòóóäûã îëíî.

Áîäëîãî 1.4.5. x, y, z ýåðýã áîäèò òîîíóóä áàéã. Òýãâýë

(xy + yz + zx)

(
1

(x+ y)2
+

1

(y + z)2
+

1

(z + x)2

)
≥ 9

4

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Crux Mathematicorum, Problem 1940, Iran 1996)
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Áîäîëò. Äàðààõ òýíöýòãýë áèø áèåëíý ãýæ õàðóóëúÿ:

f =4(xy + yz + zx)
[
(y + z)2(z + x)2 + (z + x)2(x+ y)2 + (x+ y)2(y + z)2

]
−

− 9(x+ y)2(y + z)2(z + x)2 ≥ 0.

�ã³³ëáýð 1.4.6 àøèãëàâàë α0,1 = 0, α0,4 = 0, α2,1 = 0, α0,2 = 4, α0,3 = 3, α1,1 = 16,

α1,2 = 4 áîëîõûã òóñ òóñ îëíî. Èéìä

f = 4f
(6)
0,2 + 3f

(6)
0,3 + 16f

(6)
1,1 + 4f

(6)
1,2 ≥ 0

òýíöýòãýë áèø áèåëíý.

Áîäëîãî 1.4.6. Ýåðýã áîäèò x, y, z òîîíóóä xyz ≥ 1 í°õö°ëèéã õàíãàõ áîë

x5 − x2

x5 + y2 + z2
+

y5 − y2

y5 + z2 + x2
+

z5 − z2

z5 + x2 + y2
≥ 0

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(2005 îí, 46-ð ÎÓÌÎ-ûí áîäëîãî)

Áîäîëò. y2 + z2 ≥ 2yz áàéõ òóë

x5 − x2

x5 + y2 + z2
≥ x5 − x2xyz

x5 + (y2 + z2)xyz
=

2(x4 − x2yz)

2(x4 + (y2 + z2)yz)
≥ 2x4 − x2(y2 + z2)

2x4 + (y2 + z2)2

áàéíà. Èéìä ∑ 2x4 − x2(y2 + z2)

2x4 + (y2 + z2)2
≥ 0

áîëîõûã õàðóóëàõàä õàíãàëòòàé. a = x2, b = y2, c = z2 ãýæ îðëóóëáàë äýýðõ

òýíöýòãýë áèø äàðààõ õýëáýðòýé áîëíî∑ 2a2 − a(b+ c)

2a2 + (b+ c)2
≥ 0.

Ýíäýýñ

f =
∑(

2a2 − a(b+ c)
) (

2b2 + (c+ a)2
) (

2c2 + (a+ b)2
)
≥ 0

òýíöýòãýë áèø áèåëýõèéã õàðóóëàõ øààðäëàãàòàé.

�ã³³ëáýð 1.4.6 àøèãëàâàë α0,1 = 2, α0,4 = 24, α2,1 = 0, α0,2 = 3, α0,3 = 7,

α1,1 = 18, α1,2 = 11 áîëîõûã òóñ òóñ îëíî. Èéìä

f = 2f
(6)
0,1 + 3f

(6)
0,2 + 7f

(6)
0,3 + 24f

(6)
0,4 + 18f

(6)
1,1 + 11f

(6)
1,2 ≥ 0

òýíöýòãýë áèø áèåëíý.
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Áîäëîãî 1.4.7. △ABC ãóðâàëæíû ìåäèàíóóäûã õàðãàëçàí ma, mb, mc, ãàäààä

áàãòñàí òîéðãóóäûí ðàäèóñûã õàðãàëçàí ra, rb, rc ãýæ òýìäýãëýâýë

rarb
mamb

+
rbrc
mbmc

+
rcra
mcma

≥ 3

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Crux Mathematicorum, Problem 1680, Zun Shan and Ji Chen)

Áîäîëò. 2p = a+ b+ c, ra =

√
p(p− a)(p− c)

p− a
, ma =

√
2b2 + 2c2 − a2

2
áàéõ òóë

rarb
mamb

=
4p(p− a)√

(2a2 + 2c2 − b2)(2a2 + 2b2 − c2)
≥

≥ 8p(p− a)

(2a2 + 2c2 − b2) + (2a2 + 2b2 − c2)
=

2 [(b+ c)2 − a2]

4a2 + b2 + c2

áîëíî. Èéìä áèä ∑ 2 [(b+ c)2 − a2]

4a2 + b2 + c2
≥ 3

òýíöýòãýë áèøèéã áèåëíý ãýæ õàðóóëàõàä õàíãàëòòàé.

a = x + y, b = y + z, c = z + x ãýæ îðëóóëáàë äýýðõ òýíöýòãýë áèø äàðààõ

õýëáýðòýé áîëíî ∑ 2 [(2x+ y + z)2 − (y + z)2]

4(y + z)2 + (z + x)2 + (x+ y)2
≥ 3.

Ýíý òýíöýòãýë áèø íü äàðààõ òýíöýòãýë áèøòýé ýêâèâàëåíò

f =2
∑[

(2x+ y + z)2 − (y + z)2
] [

4(z + x)2 + (x+ y)2 + (y + z)2
]

[
4(x+ y)2 + (y + z)2 + (z + x)2

]
− 3

∏[
4(z + x)2 + (x+ y)2 + (y + z)2

]
≥ 0

�ã³³ëáýð 1.4.6 àøèãëàâàë α0,1 = 50, α0,4 = 810, α2,1 = 0, α0,2 = 280, α0,3 = 395,

α1,1 = 1460, α1,2 = 864 áîëîõûã òóñ òóñ îëíî. Èéìä

f = 50f
(6)
0,1 + 280f

(6)
0,2 + 395f

(6)
0,3 + 810f

(6)
0,4 + 1460f

(6)
1,1 + 864f

(6)
1,2 ≥ 0

òýíöýòãýë áèø áèåëíý.

Áîäëîãî 1.4.8. k ≥ 3 +
√
7 áà ýåðýã áîäèò x, y, z òîîíóóäûí õóâüä

(x+ y + z)

(
x

x2 + kyz
+

y

y2 + kzx
+

z

z2 + kxy

)
≥ 9

1 + k

òýíöýòãýë áèø áèåëýõèéã õàðóóë.
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Áîäîëò. �ã°ãäñ°í òýíöýòãýë áèø íü

f = (1 + k)σ1

∑
x(y2 + kzx)(z2 + kxy)− 9

∏
(x2 + kyz) ≥ 0

òýíöýòãýë áèøòýé ýêâèâàëåíò.

�ã³³ëáýð 1.4.6 àøèãëàâàë α0,1 = 0, α0,4 = 4k2 − 5k, α2,1 = 0, α0,2 = 0, α0,3 =

k2 + k, α1,1 = k(k2 − 6k + 2), α1,2 = 2k3 − 2k2 − 3k + 1 áîëîõûã òóñ òóñ îëíî.

k ≥ 3 +
√
7 ³åä k2 + k ≥ 0, 4k2 − 5k ≥ 0, k(k2 − 6k + 2) ≥ 0

2k3 − 2k2 − 3k + 1 = (2k + 10)(k2 − 6k + 2) + 53k − 19 > 0

áèåëýõ òóë °ã³³ëáýð 1.4.6 ¼ñîîð

f = (k2 + k)f
(6)
0,3 + (4k2 − 5k)f

(6)
0,4 + k(k2 − 6k + 2)f

(6)
1,1 + (2k3 − 2k2 − 3k + 1)f

(6)
1,2 ≥ 0

áàéíà.

Áîäëîãî 1.4.9. k ≥ 1 áà ýåðýã áîäèò x, y, z òîîíóóäûí õóâüä

xyz

(
1

y3 + z3 + kxyz
+

1

z3 + x3 + kxyz
+

1

x3 + y3 + kxyz

)
≥ 3

2 + k

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

Áîäîëò. �ã°ãäñ°í òýíöýòãýë áèø íü

f = (2 + k)σ3

∑
(y3 + z3 + kxyz)(z3 + x3 + kxyz)− 3

∏
(x3 + y3 + kxyz) ≥ 0

òýíöýòãýë áèøòýé ýêâèâàëåíò.

k ≥ 1 ³åä

f =3f
(9)
0,4 + 3f

(9)
0,5 + 2(k − 1)f

(9)
1,1 + (2k + 1)f

(9)
1,2 + (2k + 1)f

(9)
1,3+

+ 2(5k + 1)f
(9)
1,4 + 2(k2 − k + 3)f

(9)
2,1 + (2k2 + 2k − 1)f

(9)
2,2 ≥ 0

áàéíà.

Áîäëîãî 1.4.10. k ≥ 4 áà ýåðýã áîäèò x, y, z òîîíóóäûí õóâüä

xyz

(
1

(y + z)3 + kxyz
+

1

(z + x)3 + kxyz
+

1

(x+ y)3 + kxyz

)
≤ 3

8 + k

òýíöýòãýë áèø áèåëýõèéã õàðóóë.
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Áîäîëò. �ã°ãäñ°í òýíöýòãýë áèø íü

f = 3
∏[

(x+ y)3 + kxyz
]
− (8 + k)σ3

∑[
(y + z)3 + kxyz)((z + x)3 + kxyz)

]
≥ 0

òýíöýòãýë áèøòýé ýêâèâàëåíò.

k ≥ 4 ³åä

f =3f
(9)
0,4 + 12f

(9)
0,5 + (2k − 8)f

(9)
1,1 + (8k − 20)f

(9)
1,2 + (14k + 1)f

(9)
1,3+

+ (34k + 56)f
(9)
1,4 + (2k2 + 28k − 48)f

(9)
2,1 + (5k2 + 8k + 8)f

(9)
2,2 ≥ 0

áàéíà.

Áîäëîãî 1.4.11. Ýåðýã áîäèò x, y, z òîîíóóäûí õóâüä

3 ≤
∑ y + z − x

x
≤

∑(
y + z − x

x

)2

≤
∑(

y + z − x

x

)3

≤
∑(

y + z − x

x

)4

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

Áîäîëò. Äýýðõ òýíöýòãýë áèø íü äàðààõ òýíöýòãýë áèøèéã áàòëàõòàé ýêâèâàëåíò

f1 =yz(y + z − x) + zx(z + x− y) + xy(x+ y − z)− 3xyz = f
(3)
0,2 ≥ 0

f2 =f
(6)
0,3 + 4f

(6)
0,4 + 2f

(6)
1,1 + f

(6)
1,2 ≥ 0

f3 =f
(9)
0,4 + 4f

(9)
0,5 + f

(9)
1,2 + 2f

(9)
2,1 + f

(9)
2,2 ≥ 0

f4 =f
(12)
0,5 + 4f

(12)
0,6 + 16f

(12)
0,7 − 11f

(12)
1,4 − 4f

(12)
1,5 + 2f

(12)
2,1 + f

(12)
2,2 +

+ 6f
(12)
2,3 + 4f

(12)
2,4 + 2f

(12)
3,1 + f

(12)
3,2 ≥ 0

Ýõíèé ãóðâàí òýíöýòãýë áèø áèåëýõ íü òîäîðõîé.

f
(12)
0,6 − 3f

(12)
1,4 = σ2f

(4)
0,3 f

(6)
0,3 ≥ 0

f
(12)
0,7 + f

(12)
2,4 − f

(12)
1,5 =

∑
(yz)4(x− y)2(x− z)2 ≥ 0

òýíöýòãýë áèø³³ä áèåëýõ òóë

f4 ≥ 4
(
f
(12)
0,6 − 3f

(12)
1,4

)
+ 4

(
f
(12)
0,7 + f

(12)
2,4 − f

(12)
1,5

)
≥ 0

òýíöýòãýë áèø áèåëíý.

Áîäëîãî 1.4.12. Ñ°ð°ã áèø áîäèò x, y, z òîîíóóä x2 + y2 + z2 = 1 í°õö°ëèéã

õàíãàõ áîë

1 ≤ x+ y + z − xyz ≤ 8
√
3

9
áîëîõûã õàðóóë.
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Áîäîëò. σ2
1 − 2σ2 = x2 + y2 + z2 = 1 òóë g = x+ y + z − xyz ≥ 3 3

√
xyz − 3xyz ≥ 0

áàéíà. g = σ1(σ
2
1 − 2σ2)− σ3 ãýæ èëýðõèéëýãäýõ áà

g ≥ 1 ⇔ (σ3
1 − 2σ1σ2 − σ3)

2 ≥ (σ2
1 − 2σ2)

3,

⇔ 2σ4
1σ2 − 8σ2

1σ
2
2 + 8σ3

2 − 2σ1σ3(σ
2
1 − 2σ2) + σ2

3 ≥ 0,

⇔ 2f
(6)
0,2 + 2f

(6)
0,3 + 8f

(6)
0,4 + 8f

(6)
1,1 + 12f

(6)
1,2 + 37σ2

3 ≥ 0

áîëíî. x = 1, y = z = 0 ³åä g = 1 áàéíà.

Îäîî õî¼ð äàõü òýíöýòãýë áèøèéã áàòëàí õàðóóëúÿ.

g ≤ 8
√
3

9
⇔ 81(σ3

1 − 2σ1σ2 − σ3)
2 ≤ 192(σ2

1 − 2σ2)
3,

⇔ f = 37f
(6)
0,1 − 17f

(6)
0,2 + 94f

(6)
0,3 + 80f

(6)
0,4 + 117f

(6)
1,1 − 28f

(6)
1,2 ≥ 0

ñ³³ëèéí òýíöýòãýë áèø áèåëýõèéã õàðóóëàõ õýðýãòýé.

f ≥17(f
(6)
0,1 + f

(6)
1,1 − f

(6)
0,2 ) + 28(f

(6)
0,4 + f

(6)
1,1 − f

(6)
1,2 ),

f
(6)
0,1 + f

(6)
1,1 − f

(6)
0,2 =

∑
x2(x− y)2(x− z)2 ≥ 0,(

2

√
f
(6)
0,4 f

(6)
1,1 − f

(6)
1,2

)(
2

√
f
(6)
0,4 f

(6)
1,1 + f

(6)
1,2

)
= 4f

(6)
0,4 f

(6)
1,1 −

(
f
(6)
1,2

)2

=

= σ3

(
f
(3)
0,2 f

(6)
0,3 + 3f

(9)
0,4

)
≥ 0 ⇒

f
(6)
0,4 + f

(6)
1,1 − f

(6)
1,2 ≥ 2

√
f
(6)
0,4 f

(6)
1,1 − f

(6)
1,2 ≥ 0

áàéõ òóë f ≥ 0 áóþó g ≤ 8
√
3

9
áîëíî. x = y = z = 1√

3
³åä g = 8

√
3

9
áàéíà.

Áîäëîãî 1.4.13 (Polya). △ABC ãóðâàëæíû òàëóóä a, b, c áîë

S ≤
√
3 3
√
abc 6

√
a2b2c2 − (a− b)2(b− c)2(c− a)2

4

òýíöýòãýë áèø áèåëíý ãýæ õàðóóë.

Áîäîëò. a = x+ y, b = y + z, c = z + y ãýæ îðëóóëáàë äýýðõ òýíöýòãýë áèø

f = 27
∏

(x+ y)2
(∏

(x+ y)2 −
∏

(x− y)2
)
− 4096σ3

1σ
3
3 ≥ 0

òýíöýòãýë áèøòýé ýêâèâàëåíò áîëíî. Èéìä

f =108f
(12)
0,6 + 432f

(12)
0,7 + 108f

(12)
1,3 + 324f

(12)
1,4 + 2160f

(12)
1,5 + 432f

(12)
2,1 +

+ 2160f
(12)
2,2 + 6372f

(12)
2,3 + 20304f

(12)
2,4 + 16208f

(12)
3,1 + 13856f

(12)
3,2 ≥ 0

òýíöýòãýë áèø áèåëíý.
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�1.5. Áîäëîãóóä

Áîäëîãî 1.5.1. Ýåðýã áîäèò a, b, c òîîíóóäûí õóâüä

a2 + bc

b+ c
+

b2 + ca

c+ a
+

c2 + ab

a+ b
≥ a+ b+ c

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Crux Mathematicorum, Problem 2580, Hojee Lee)

Áîäëîãî 1.5.2. △ABC ãóðâàëæíû òàëóóä íü a, b, c áà òàëáàé íü S áîë

a2 + b2 + c2 ≥ 4
√
3S

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

Áîäëîãî 1.5.3. Ýåðýã x, y, z áîäèò òîîíóóäûí õóâüä∑
(y − z)2

4k
∑

yz
≤

∑ x

y + z
− 3

2
≤

∑
(y − z)2

4k′
∑

yz

òýíöýòãýë áèø áèåëýõ k áà k′ ïàðàìåòðèéí ýåðýã óòãûí îëîíëîãûã îë.

Áîäëîãî 1.5.4. Ýåðýã áîäèò a, b, c òîîíóóäûí õóâüä

2(a3 + b3 + c3)

abc
+

9(a+ b+ c)2

(a2 + b2 + c2)
≥ 33

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Crux Mathematicorum, Problem 2645, Hojee Lee)

Áîäëîãî 1.5.5. Ýåðýã áîäèò x, y, z òîîíóóäûí õóâüä(
x2 + y2 + z2

)( 1

x2
+

1

y2
+

1

z2

)
≥ 3 +

2 (x3 + y3 + z3)

xyz

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

Áîäëîãî 1.5.6. Ýåðýã áîäèò a, b, c òîîíóóäûí õóâüä

3

√
(a+ b)(b+ c)(c+ a)

8
≥

√
ab+ bc+ ca

3

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Carlson's inequality)
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Áîäëîãî 1.5.7. △ABC ãóðâàëæíû áàãòñàí òîéðãèéí ò°âèéã I áàéã. Òýãâýë

IA2 + IB2 + IC2 ≥ BC2 + CA2 + AB2

3

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Korea 1998)

Áîäëîãî 1.5.8. Ýåðýã áîäèò a, b, c òîîíóóä abc = 1 í°õö°ëèéã õàíãàõ áîë

1

a+ b+ 1
+

1

b+ c+ 1
+

1

c+ a+ 1
≤ 1

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Tournament of Towns 1997)

Áîäëîãî 1.5.9. Ýåðýã áîäèò a, b, c òîîíóóäûí õóâüä

b2 + c2 − a2

a(b+ c)
+

c2 + a2 − b2

b(c+ a)
+

a2 + b2 − c2

c(a+ b)
≥ 3

2

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Darij Grinberg)

Áîäëîãî 1.5.10. Ýåðýã áîäèò a, b, c òîîíóóäûí õóâüä

(a2 + ab+ b2)(b2 + bc+ c2)(c2 + ca+ a2) ≥ (ab+ bc+ ca)3

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Pham Kim Hung)

Áîäëîãî 1.5.11. Ýåðýã áîäèò a, b, c òîîíóóä a+ b+ c = 1 í°õö°ëèéã õàíãàõ áîë

(ab+ bc+ ca)

(
a

b2 + b
+

b

c2 + c
+

c

a2 + a

)
≥ 3

4

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Crux Mathematicorum, Problem 3062, Gabriel Dospinescu)

Áîäëîãî 1.5.12. Ýåðýã áîäèò a, b, c òîîíóóäûí õóâüä

(a+ b− c)2

(a+ b)2 + c2
+

(b+ c− a)2

(b+ c)2 + a2
+

(c+ a− b)2

(c+ a)2 + b2
≥ 3

5

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Japan 1997)
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Áîäëîãî 1.5.13. Ýåðýã áîäèò a, b, c òîîíóóäûí õóâüä

(2a+ b+ c)2

2a2 + (b+ c)2
+

(2b+ c+ a)2

2b2 + (c+ a)2
+

(2c+ a+ b)2

2c2 + (a+ b)2
≤ 8

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(USA 2003)

Áîäëîãî 1.5.14. Ýåðýã áîäèò a, b, c òîîíóóäûí õóâüä

1

4a2 − ab+ 4b2
+

1

4b2 − bc+ 4c2
+

1

4c2 − ca+ 4a2
≥ 9

7(a2 + b2 + c2)

òýíöýòãýë áèø áèåëýõèéã õàðóóë.

(Vasile Cirtoaje)

Áîäëîãî 1.5.15. Ýåðýã áîäèò a, b, c òîîíóóä a2 + b2 + c2 = 3 í°õö°ëèéã õàíãàõ

áîë
1

1 + ab
+

1

1 + bc
+

1

1 + ca
≥ 3

2
áîëîõûã õàðóóë.

(Áåëàðóññ, 1999)

Áîäëîãî 1.5.16. Ýåðýã áîäèò x, y, z òîîíóóä x2+ y2+ z2 = 1 í°õö°ëèéã õàíãàõ

áîë
1

1− xy
+

1

1− yz
+

1

1− zx
≤ 9

2

áîëîõûã õàðóóë.

(Crux Mathematicorum, Problem 3032, Vasile Cirtoaje)

Áîäëîãî 1.5.17. △ABC ãóðâàëæíû òàëóóä a, b, c áà õàãàñ ïåðèìåòð, áàãòàà-

ñàí òîéðãèéí ðàäèóñ, áàãòñàí òîéðãèéí ðàäèóñ íü õàðãàëçàí p, R, r áîë(√
p− a+

√
p− b+

√
p− c

)2

≤
(
4 +

r

R

) ab+ bc+ ca

a+ b+ c

òýíöýòãýë áèø áèåëíý ãýæ õàðóóë.

Áîäëîãî 1.5.18. △ABC ãóðâàëæíû òàëóóä a, b, c áà A, B, C îðîéãîîñ áóóñàí

°íäð³³ä íü õàðãàëçàí ha, hb, hc, ãàäààä áàãòñàí òîéðãèéí ðàäèóñóóä íü õàðãàëçàí

ra, rb, rc áîë

r2a
h2
b + h2

c

+
r2b

h2
c + h2

a

+
r2c

h2
a + h2

b

≥ r2a
h2
a + h2

a

+
r2b

h2
b + h2

b

+
r2c

h2
c + h2

c

òýíöýòãýë áèø áèåëíý ãýæ õàðóóë.
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